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theoretical results in Table 2. These comparisons serve to
provide confidence in the validity of the solution. The re-
sults obtained using the method presented in this paper are
almost identical to the results obtained by Smith.3 The re-
sults shown in Table 2 for the approximate solution were ob-
tained by imposing, on Eq. (2), the condition that (X*/ra)2 «
1. The exact solutions are shown to be superior to the ap-
proximate solutions, especially for those modes having
a small number of circumferential waves. Frequencies, for
the first four radial modes having one to five circumferential
waves, of a particular shell, subjected to the eight sets of
boundary conditions of Table 1, are presented in Table 3.

The advantages of the "exact" solution presented here
over those seen previously are: 1) the arbitrary complex
constants in the assumed solution need not be redefined as
real constants, and 2) the form of the roots of the auxiliary
equation need not be monitored during the solution. These
advantages yield a saving of computational time and lead to
a more truly "general" solution.
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Nomenclature

A i,A% = regression, constants
Bi,B% = regression coefficients
d = body diameter
M = Mach number
n = number of data points
N = exponent in wake diffusion equations
P — pressure
r = correlation coefficient
Re = Reynolds' number
x,y = physical coordinates
X = x/d
Y = y/d
a = angle of attack

Subscripts
i = iih. value of n values
w = wake conditions
co = freestream conditions

Introduction

THE rate of growth of turbulent viscous wakes of axi-
symmetric bodies at hypersonic velocities has been of

interest for some time. Many investigators1"6 have de-
veloped empirical equations describing the growth as a func-
tion of distance behind the body. An empirical relationship
of the form Y = A + BXN has been developed where N has
a range of values between 0.25 and 0.67. Most of the experi-
mental investigations covered the far wake region (X > 150)
at hypersonic Mach numbers (Mm > 6). Also, a theoretical
relationship of the form Y = (A + BX)N with N ~ 0.33 has
been derived.7 Assuming the theoretical model is un-
bounded as a function of velocity and distance behind the
body, then experimental evidence at short distances (X < 25)
behind the body and at lower Mach numbers (Mm < 6) is
not available for comparison with the theoretical model, ex-
cept for the evidence of Knystautas.6

Experimental data in the distance and Mach number re-
gions of X < 15 and Mm < 5 were analyzed for comparison
with the theoretical and experimental models. The experi-
mental data were obtained on the U.S. Army Missile Com-
mand's aeroballistic range.

The models used were hemisphere cylinders with a base
diameter of 0.226 in. and 1.5 calibers in length. The veloci-
ties were Mm « 4.2 and Re « 5.38 X 105. The wake cores
were in all cases turbulent up to the throat.

Data Analysis

The interface between the viscid and inviscid portions of
the wake was clearly defined in 9 independent photographs
and measured on a photoreader machine to obtain coordi-
nated (x^yi) data sets. The data were smoothed by in-
tegrating the interface over intervals of 0.5 body diameters
and obtaining an average wake width for the interval. The
following equations based on the work of other investi-
gators were used in the regression analyses:

FI = AI + BiXiN (empirical)

F2 = (A2 + B,X2)N (theoretical)
(D
(2)

The analyses allowed N to vary over any real number. For
each value of N, the constant A and independent variable
coefficient B for the equation was computed. The correla-
tion coefficient between Y and X was also computed to find
the highest correlation coefficient. The correlation coeffi-
cient which was computed in a numerically systematic manner
for all of the data was taken as a measure of the degree of fit
between the data and the equation for each value of N. The
correlation coefficient is computed as follows:

(3)

where for Eq. (1)

and for Eq. (2)

- [SXrPXnSFr2 - [SFr]2)}1/2

F = FT

Z^ = Zr

F1/^ = yr

X = XT
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Supported

Selection of the analysis giving the highest correlation
coefficient for both Eqs. (1) and (2) gives the following:

Y = 0.0015 + 0.0221X1-44 (r = 0.720) (4)

Y = (0.0123 + 0.1057X)2-88(r = 0.830) (5)

These equations are plotted in Fig. 1 with the authors' ex-
perimental data. The reason that F = 0 when X = 0 in
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Table 1 Compilation of regression equations of other investigators' data

Investigator

Fay and Goldbnrg
Dana and Shorta

Slattery and Clay
Knystautas
Jenkins and Pruett

CARDE
Knystautas
Dana and Short
Fay and Goldburg

Region

X < 15
X < 15

.X < 15
X < 15

100 < X < 1500
30 < X < 1400

100 < X < 600
20 < X < 400

Body
Moo shape

«8 sphere
« 8 sphere

~ 5 sphere
« 4 hemisphere

cylinder
« 6 sphere
« 5 sphere
« 5 sphere

« 10 sphere

Pco

atm
atm

atm
atm

atm
atm
atm
atm

r

0.56
0.72

0.85
0.83

0.98
0.96
0.98
0.81

Regression equations

Y =
•y __

Y =
Y =

Y =
y _

y __

Y =

(0.7531 + 0.0285X)3-65

(0.5328 + Q.0359X)2-5

(0.4538 + 0.0186X)1-98

(0.1237 + 0.1057X)2-88

-7.9140 -f 3.1957X0-221

-1.0861 + 0.4903X0-334

-3.7259 + 1.0254X0-344

0.5135 + 0.2837 X0-520

a Data grouped together to increase sample size.

Fig. 1 is that the origin of the coordinate system was set at
the edge of the throat. In Fig. 2 the origin of the authors7

data was transposed to coincide with the origin location of
the other investigators.

Discussion

The values derived for N which gave the best fit as indi-
cated by the highest correlation coefficients were 1.44 and
2.88, for the empirical and theoretical Eqs. (1) and (2),
respectively. Other investigators have found values of N for
these equations ranging from 0.25 to about 0.67. The ex-
ponents found in this analysis were larger by a factor of about
9. These high exponents indicated that either past analyses
have not sufficiently considered the near wake, or the diffu-
sion rate is much greater in the near wake.

A search was made for near wake data which was experi-
mentally similar to the authors' data from the standpoint of
Mach number, density, pressure, and body shape. Knystau-
tas6 found no obvious scaling effect for projectile sizes up to
factors of 12 for spheres at atmospheric pressures and ve-
locities up to Mm ~ 6. Therefore, it was considered accept-
able to compare the wakes of very short hemispheric cy-
linders, where a < 1°, with the wakes of spheres under the
approximate experimental conditions. On this basis, the
data of other investigators were subjected to the same anal-
ysis as the authors' data.

Lees and Hromas7 divide the wake into two functional
regions with the join between the two regions forming the
third region. The first region is the purely expansion con-
trolled due to the rapid pressure drop just behind the re-
compression shock extending to the point where Pw ~ 4Pco.
The second functional region is the thermal diffusion region
which extends downstream from the point where Pw « Pw-
In the region where 4Pco > Pw > Pm, Lees and Hromas7 call
this the mixed expansion-diffusion region. The location in
the wake at which the wake pressure is approximately four
times and approximately equal to the freestream pressure
is a function of Mm. The exact locations of the changes in
the growth properties of the wake are not of as great concern

0.5
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Y- 0.0015 + 0.221 X 1 4 4

Y = (0.1237 + O.I057X)2-88

4.0 5.0

to this analysis as the fact that the growth rate changes with
X and the present functions are not well fitted by a constant
power dependence law for all values of X. Lees and Hromas7

expected the growth rate to be greater in the expansion con-
trolled and the mixed pressure expansion-thermal diffusion
region than in the purely thermal diffusion controlled region.
For the Mm of the authors' data, the purely thermal diffusion
region begins at about X « 15 (i.e., Pm ~ Pm). The data
of other experimenters used in this analysis were separated
into regions of X < 15 and X > 15. The analysis of other
investigators' data also permitted AT to take on any value that
provided the best fit (highest correlation coefficient) of Y on
X. The measure of the best fit for the data was the analysis
acceptance criteria, not the fitting of the data to any one
value of N. Since the past analyses used data predominantly
in the far wake region and were obviously weighted toward
thermal diffusion dependence; Eq. (1) was used by the au-
thors for the analysis of far wake data. Table 1 shows the
results of the analyses.

The analyses of all data limited to X < 15 resulted in
values of N > 1.0, with correlation coefficients greater than
0.72 except for the 0.56 for Fay and Goldburg's4 data.
Analysis for the X < 15 data using prescribed values of N <
1.0 (e.g., N = 0.33) the correlation coefficients dropped to
values in the range of 0.10 to 0.30 indicating very poor fits
(r = 1.0 is a perfect fit). However, the data for values of X
in the.thermal region (Pw ~ Pm) gave values of N < 1.0 with
correlation coefficients greater than 0.95 except for Fay and
Goldburg's4 which was 0.81. Thus, for all investigators the
far wake data fits the fractional power dependence much
better than the near wake data. The range of values of AT
for X < 15 was from 1.98 to 3.65. The range of values of
AT for X > 15 was from 0.221 to 0.520 with Knystautas6 and
Dana and Short5 approximating the 0.33 powder dependence.

Experimental scatter is greater in the region of X < 15
as reflected by the lower correlation coefficient. However,
it is not too large to detect a more rapid growth in the X < 15
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Fig. 1 Plot of authors' experimental data and Eqs. (4)
and (5).
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Fig. 2 Authors' analysis of other investigators' data.
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Fig. 3 Plot of authors' analysis of Knystautas data.

region which is appropriate for the Mm considered in this
analysis.

The data were subjected to fitting to both Eqs. (1) and (2).
In cases where X < 15, the highest correlation coefficients
were obtained with Eq. (2). In the region of X > 15, Eq.
(1) gave the best fit reflecting its development with data
weighted toward the far wake.

Figure 2 is a plot of the equations shown in Table 1. The
equations representing the near wake are concave upward
and the far wake are concave downward indicating that at
least one inflection point exists, even though it has not been
explicitly located.

Figure 3 shows a plot of Knystautas6 reduced data along
with his fit to his data. The Knystautas6 fit shown as the
dashed line was done for all values of X. The authors' fitting
of Knystautas6 data for X < 15 and X > 15 are shown as
the solid lines. The authors' fit of Knystautas6 data for all
values of X gave N = 0.44 which compares with the N —
0.50 he obtained.

Summary

The analysis of the authors' data alone indicated that the
best data fit in the pressure expansion controlled region
(Pw > 4Poo) and the mixed pressure expansion-thermal
diffusion region (4Pra > Pw > Pm) gave a value of N > 1.0.
The same analysis of other investigators' data in the same
regions also revealed values of N > 1.0, whereas analysis of
the same data for Pw ~ Pm revealed values of N < 1.0. The
selection of X ~ 15 as the dividing point where Pw ~ Pm is
based on Lees and Hromas7 theoretical treatment of the
wake and the Mm of the authors' data used in this analysis.
The analysis shows that the rapid growth of the near wake
expected by Lees and Hromas7 does exist and is experi-
mentally detectable. It is also apparent that analyses using
data predominantly from the thermally controlled region of
the far wake will result in a value of N approximating the
-g- law very closely. Because the thermally controlled region
is by far the larger region, analyses including all values of X
weighs the power dependence heavily toward the 0.33 power
which is not suitable for values of X where Pw ^> P^. Equa-
tion (2) seemed to fit the data better for X < 15 whereas the
form of Eq. (1) fit better for X > 15. This analysis indicates
that the 0.33 power law for the wake growth is applicable
only in the purely thermal region and is not applicable for
all values of X.
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Coefficient for a Supersonic Nozzle
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Nomenclature
A = area, in.2

C = [2/(7 + l}]l^-V[2gj/R(v +
CD = flow coefficient
D = diameter, in.
HtQ = stagnation enthalpy in reservoir
in = mass flow rate, Ib/sec
M = Mach number
p = pressure, psia
T = radius, in.
^6Dth = throat Reynolds number, (pe
T = temperature, °R
u = velocity parallel to wall
x — distance along wall
y = distance normal to wall
18 = acceleration parameter
7 = specific-heat ratio
8 = boundary-layer thickness
5* = displacement thickness
0 = momentum thickness
M = viscosity
p = kinematic viscosity
£ = transformed coordinate along wall
p = density

Subscripts and superscripts

c = curvature at throat
e = edge of boundary layer
t = stagnation condition
th = throat condition
w = wall condition
( )* = sonic condition
1 — D= one-dimensional isentropic
( ) = mean value

E
Introduction

XPERIMENTAL values of adiabatic flow coefficient are
presented for choked flow in a supersonic nozzle which

had a contour as shown in Fig. 1. Throat Reynolds numbers
ranged between 650 and 350,000. Previously, there have
apparently been no such measurements available for choked
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